A mathematical model of nitrification in a column is developed in which time (t) and distance are considered independently, using a finite difference approach incorporating the following equations for removal of substrate (S) and growth of biomass (m):
Short undershoots, lasting several hours, were due to reactivation of bacteria following nutrient starvation. Expected overshoots and undershoots lasting several days were also observed. However, these were not asymmetrical, as predicted, since washout of cells as a limiting growth factor and delay of adjustment to growth rate to different substrate concentrations were not considered.
I N T R O D U C T I O N
Most models describing nitrification in the soil consider ammonium and nitrite conversion to follow first-order rate kinetics with bacterial growth kinetics following the logistic equation. The latter assumption may be reasonable where substrate is present at non-growth limiting concentrations (Prosser & Gray, 1977) . However, this is rarely true in soil, and even where, for example, ammonium is added at high concentration as fertilizer, nitrite will initially be low and this must be considered when describing Nitrobacter growth.
Saunders & Bazin (1973) considered a column of constant cross-sectional area packed with particular material and inoculated with Nitrosomonas and Nitrobacter, through which a solution containing ammonium is passed at constant rate. As ammonium passes down the column it is converted to nitrite with a concomitant increase in the numbers of Nitrosomonas. If the incoming ammonium concentration is high, then even at the base of the column Nitrosomonas growth may not be limited. However, at the top of the column there is no nitrite. This is formed by Nitrosomonas as the liquid flows down the column and is then converted to nitrate by Nitrobacter. Thus, the nitrite concentration will vary within the column and at the top at least will be growth-limiting for Nitrobacter. As pointed out by Saunders & Bazin (1g73), both time and position must be considered as independent variables for correct description of this system. They overcame this problem by use of partial differential equations in which first-order rate kinetics were assumed and two different expressions for bacterial growth were considered. The first of these involved the logistic equation and an analytical solution was obtained. The second considered substrate limitation of the form :
where m is the biomass, S the substrate concentration, t time, K, the saturation constant and ,u the maximum specific growth rate.
This model cannot be used to predict the effect of transient conditions such as change in flow rate and an analytical solution required several simplifying assumptions thereby decreasing the range of substrate concentrations over which it was valid.
An alternative to the use of partial differential equations is a finite difference approach in which the column is considered to be split into a number of theoretical compartments. Such a model is described here along with experiments to test the predictions obtained.
T H E M O D E L
The model considers a column of constant cross-sectional area containing inert particulate matter, e.g. glass beads, inoculated (initially uniformly) with nitrifying bacteria through which is passed medium containing ammonium or nitrite. For simplicity, conversion of nitrite to nitrate will be considered. The column is considered as a number of theoretical compartments of equal size, this size being determined by the time taken for the solvent front to pass through the compartments so that any solvent element is in each compartment for an equal amount of time, tL. The actual number and length of individual compartments consequently depends on flow rate, faster rates giving fewer and larger compartments. The number of compartments (n) is given by the equation:
where V is the volume of liquid medium in the column (void volume) and f the flow rate within the column.
Lees & Quastel (1946) found that nitrification took place at the soil surface and that activity in the soil solution was negligible. Nitrobacter is therefore assumed to be attached to the particles but in all other respects each compartment is treated as a normal continuous culture system with input and output of all but Nitrobacter.
Changes in nitrite and Nitrobacter are then computed for the time interval tL with the input nitrite concentration for compartment 2 being equal to the output from compartment I from the previous time interval, and so on down the column. The input nitrite concentration for compartment I is that of the inflowing medium and the output nitrite and nitrate concentrations from the last compartment are those of the effluent. Because of the above assumption regarding attachment of bacteria, no transfer of biomass between compartments is incorporated in the model.
At the end of each time interval tL, the non-fixed components, i.e. nitrite and nitrate concentrations, are moved down one compartment while the fixed components are held in the compartments. The dilution rate (0) for the whole column is given by:
The volume of each compartment (v) is given by:
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But n = VlftL Therefore v = f t L and the dilution rate for each compartment (Do) is given by:
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Thus the dilution rate for each compartment is the reciprocal of the residence time in that compartment and this value may be used when computing component changes over a time interval of unity. If, as described above, this time interval is also equal to t L then D, must be divided by I/tL giving a value of D, = I .
If the flow rate is changed from one value to another, then the number of compartments will also change if tL is to be kept constant, and values of nitrite and nitrate concentrations and biomass must be provided for the new compartments. This is done by considering two columns, I and 2 , at flow ratesf, and f 2 with n, and n, compartments respectively, and an intermediate column, 3, with n3 = n1 x n2 compartments. For a change of flow rate fromf, tof2, values of, for example, nitrite concentration are calculated for column 3 using the equation : S3,i = Sl,j for i = ( j -1 ) n l + 1 tojn, where S3,i is the nitrite concentration, nitrate concentration or biomass in compartment i in column 3, and Sl,j is the nitrite concentration, nitrate concentration or biomass in compartment j in column I .
For a change of flow rate, values of S, are first transferred into column 3 and values of S,, i.e. concentrations at flow rate f 2 , are given by the equation:
This method permits conversion of either batch or continuous flow models into models for the column system, and distribution of components with time and distance can be obtained easily and simultaneously. While the method represents an approximate approach, this is not thought to be a serious disadvantage as the errors involved may be reduced by increasing the number of compartments; of the other models, only the simplest provide complete analytical solutions.
The approach of Saunders & Bazin (1973) is more fundamentally correct than the finite difference method and does provide an analytical solution for the case of logistic growth. For substrate-limited growth, however, numerical methods are required and a solution is only obtained using simplifying assumptions unnecessary in the above treatment. The finite difference approach also allows prediction of behaviour following a change in flow rate which is not possible for Saunders & Bazin's model.
Equations used to represent nitrification in each compartment were based on those of Bazin & Saunders (1973) which, for oxidation of nitrite to nitrate, have the form:
where D is the dilution rate, S, the nitrite concentration, So the nitrite concentration in the inflowing medium, p the maximum specific growth rate of Nitrobacter, rn the mass of Nitrobacter, K, the saturation constant, S , the nitrate concentration, and kl and k , are constants. Thus growth is governed by Monod kinetics while conversion is governed by the zeroorder rate constant k,. Assimilation Thus s, and consequently actual growth rate will vary with dilution rate and k , cannot be considered as constant. The model was therefore modified by eliminating equation 3 and values of S , were calculated using the equation S, = S o -S , and equations I and 2 only were used. Thus, all the nitrate formed comes from conversion of nitrite for growth of Nitrobacter. Growth follows Monod kinetics but population size is determined by a logistic term, in effect giving a maximum population, the size of which is determined by the nitrite concentration.
Predictions of the finite diJference model
Predictions of this model for high substrate concentration are not significantly different from previous models as all predict a constant maximum population will be established throughout the column so that distribution with depth need not be considered. At low Nitrification at low substrate concentrations (Fig. I) . Increasing the flow rate increases the nitrite concentration within the column and the Nitrobacter population therefore increases to a new steady state level. Nitrite concentration, however, rises to a peak and then falls to a new steady state level, higher than that at the previous flow rate. Conversely, decreasing the flow rate produces an undershoot in nitrite while the Nitrobacter population falls smoothly to its former level. This overshoot phenomenon can be explained by changes in biomass. The steady state biomass at the lower flow rate,& is less than that at the higher rate,f,, due to higher nitrite concentration. When the flow rate is increased, biomass is less than the final level and the initial conversion rate is consequently lower. As biomass increases, the conversion rate increases and nitrite concentration then falls to its steady state level. The converse occurs when the flow rate is decreased.
As well as this qualitative difference, there are also quantitative differences caused by the presence of a biomass gradient down the column, due to variation in nitrite concentration. This gradient is illustrated in Fig. 2 during the increase in flow rate at 60 h. The initial discontinuities correspond to movement of the front of higher nitrite concentration through the column and are followed by smooth progression to the new steady state value.
This overshoot prediction is unique to the model and the following experiments were designed to test this feature of the model. 468 to 576 h and 90 min from 576 to 820 h. Flow rate (f) in ml h-l.
M E T H O D S
The experimental system consisted of a column of glass beads inoculated with Nitrobacter (Prosser & Gray, 1977). The medium of Smith & Hoare (1968) containing I p.p.m. N as NaNO, was supplied at a constant flow rate which was varied in a stepwise fashion in each experiment. Four experiments were carried out with decreasing inoculum size. The inocula were dilutiox of suspensions from batch cultures of Nitrobacter in Smith & Hoare's medium with 50 p.p.m. N as NO,-containing between lo8 and 109 bacteria m1-1. Excess suspension was drained through the columns, except after inoculation of a I O -~ dilution when it was poured off.
The model was simulated on a 1906 ICL digital computer. Differential equations were solved numerically using the fourth order Runge-Kutta approximation method (Froberg, 19-70) and results were plotted on a Calcomp 936 graph plotter.
R E S U L T S
Inoculation with a 10-1 dilution of Nitrobacter Changes in nitrate with time at different flow rates are given in Fig. 3 . After a lag of 35 h there was a linear increase in nitrate concentration to a value equal to that of the input nitrite concentration. The linear increase can be explained by simultaneous commencement of metabolic activity by bacteria throughout the column.
The flow rate was increased at 93 h but was immediately reduced to prevent excessive build up of pressure within the system. The net increase in flow rate, however, resulted in a sharp drop in nitrate, followed by a linear increase over approximately 6 h to a level corresponding to complete conversion. Six hours is much less than the generation time of Nitrobacter and the increase is therefore not due to growth. This undershoot was also much shorter than those predicted when the model was simulated using growth rate values measured for Nitrobacter. This can be explained by the presence of active bacteria and bacteria which are viable but inactive due to exhaustion of nitrite lower down the column. When nitrite reaches these bacteria after an increase in flow rate there is a short lag period before they regain full activity. Corresponding overshoots would not occur (and were not observed) after a decrease in flow rate as only active bacteria provide observable effects and the inactivation of bacteria would not be noticed. This effect is similar to that found at high substrate concentrations when oxygen is limiting (Prosser & Gray, 1977 These results show the necessity for a lower inoculum and lower dilution rates to prevent complete conversion within the column and consequent loss of information. They also highlight two important factors not considered by the model: the existence of active and non-active bacteria, and removal of bacteria by washout.
Inoculation with a I O -~ dilution of Nitrobacter
After inoculation with Nitrobacter, and at a flow rate of 2.63 ml h-l, there was a lag followed by a linear increase in nitrate concentration up to complete conversion. Increasing the flow rate to 23.05 ml h-l at 320 h produced a sudden drop in nitrate concentration due only to change in flow. In the previous experiment this was followed by an increase in nitrate to a level corresponding to complete conversion of nitrite due to reactivation of bacteria previously not converting nitrite. This did not occur here possibly because the lower inoculum would result in exhaustion of nitrite nearer the base of the column and fewer or no inactive bacteria. There was a subsequent prolonged decrease in nitrate concentration until the end of the experiment at 420 h. This can be explained by greater washout of bacteria at the higher flow rate. The results from the following experiment, however, suggest that the period 320 to 420 h was the first half of an undershoot similar to that predicted and that continuation of the experiment would have resulted in an increase in nitrate concentration.
Inoculation with 2-5 x I O -~ dilution of Nitrobacter Despite the reduced inoculum, complete conversion of nitrite still occurred (Fig. 4 ). An increase in flow rate at I34 h resulted in a sharp drop in nitrate concentration followed by a rise to complete conversion as in the first experiment. A further increase in flow rate resulted in a steady decrease in nitrate concentration, similar to that in the previous experiment, down to 0.3 p.p.m. N as NOa-followed by an increase due to growth of Nitrobacter. This may correspond to the predicted undershoot.
The Nitrobacter population then reached such levels that two further increases in flow rate gave no measurable decreases in nitrate concentration and complete conversion occurred at a flow rate of 60 ml h-l. A similar flow rate and dilution rate in the first experiment did not give complete conversion but this column was run for longer allowing establishment of a larger Nitrobacter population. Any washout of bacteria, as in the previous experiment, did not reduce these populations below the level required for complete conversion.
Inoculation with a I O -~ dilution of Nitrobacter Here three methods were used to avoid complete conversion of nitrite to nitrate. Firstly, a shorter column of beads (80mm) was used so that dilution rates were greater than in other experiments for the same flow rates. Secondly, a smaller inoculum was used and, thirdly, the excess suspension was poured off and not drained through the column, to avoid increase in numbers due to filtration.
A steady state was obtained after approximately 3800 h with nitrate concentration equal to 0.183 p.p.m. (Fig. 5) . Decreasing the flow rate resulted in an overshoot in nitrate with a maximum of 0.4 p.p.m. approximately 150 h after the change in flow. This overshoot was smaller than the undershoot in the previous experiment and the return to a steady state was quicker ( I 50 h as opposed to 250 h). In fact a new steady state may not have been established as there was then an increase in nitrate concentration due to growth of Nitrobacter until conversion was complete. An increase in flow rate at 4690 h resulted in a decrease in nitrate concentration to 0.66 p.p.m. where it remained for about 20 h before increasing to give complete conversion, the rate of increase indicating growth of Nitrobacter rather than reactivation of bacteria.
After a further increase in flow rate, nitrate concentration dropped to about 0.55 p.p.m. but a blockage in the column caused variation in the flow rate resulting in the overshoot at 5000 h. A steady state was eventually established with a nitrate concentration of 0-15 p.p.m. This is approximately equal to the steady state concentration at 3990 h despite a threefold increase in flow rate indicating a similar increase in biomass during this period.
D I S C U S S I O N
The main qualitative difference in predictions between the model described above and previous models is the occurrence of undershoots and overshoots following changes in flow rate. Some experiments (the third and fourth) gave undershoots and overshoots in nitrate concentration lasting approximately 150 h and 200 h following increase and decrease in flow rate respectively. Simulation of the model using values of , LA, Ks and k, measured for Nitrobacter in batch culture of 0.045 h-l, 0.43 p.p.m. N as NO,-and 0.33 h-l gave under-NitriJcation a t low substrate concentrations 127 shoots and overshoots of this length. However, these were asymmetrical consisting of a sharp rise or fall in nitrate concentration followed by a gradual decrease or increase to the new steady state value. Experimental undershoots and overshoots were symmetrical, and there is no definite evidence for re-establishment of new steady states after undershoots and overshoots. These discrepancies may be due to deficiencies in the description of growth and, in particular, growth limitation.
The logistic equation used here describes accurately limitation by space, but as conversion of nitrite was not complete at the end of the fourth experiment at a relatively low flow rate (Fig. 9 , the maximum population may not have been reached. The presence of activity in effluent samples suggests that washout of bacteria is an important factor and an attempt was therefore made to incorporate this in the model. Bazin & Saunders (1973) used three expressions for growth limitation:
where k is a constant. The first of these gave the best fit used in the above model. The third gave poor fit but the used to modify equation 2 to give:
to their experimental data and was second gave reasonable fit and was Simulation of this model for a normal continuous culture system predicted smooth approaches to new steady states after changes in flow rate but incorporation into the finite difference model produced overshoots and undershoots. However, although the time taken to reach new steady states was comparable with that observed, the initial increase or decrease in nitrate concentration was much quicker than that observed, suggesting that growth and washout are more important factors than flow rate under these conditions and that both of these were described in too simple a fashion.
For example, washout may be more complicated than the simple representation above as some bacteria may be more susceptible to washout than others, the process may be growth rate dependent and washout would then be balanced by growth of bacteria remaining to replace those lost. Also bacteria may not adjust immediately to new growth rates at different nitrite concentrations. The minimum of an undershoot may therefore represent adjustment to the new flow rate, followed by increase in nitrate concentration due to faster growth of Nitrobacter.
The model provides an insight into possible mechanisms for dynamics of growth in column systems and provides a partial explanation for observed behaviour. Experiments at low nitrite concentrations exposed deficiencies in this and other models in their descriptions of growth rate and growth limitation. The model for cell growth of Williams (1967) may be useful as this predicts lag phases after changes in en\ironmental conditions.
Experimental testing of the model may be facilitated by use of larger beads (reducing surface area and bacterial numbers) and by enumeration of the bacteria washed out. Results also confirmed the importance of determining numbers of nitrifiers when considering nitrification and models could be tested more critically if sampling and enumeration of bacteria at different depths could be achieved. The system of Ardakani, Rehbock & McLaren (1973) with sampling ports along the column may be useful but any sampling process will disturb the system to some extent. J. I. Prosser wishes to acknowledge receipt of a N.E.R.C. Research Studentship.
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